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. , $\Omega$ $\mathrm{R}^{n}$ Lipschitz
, $\Omega$ $L^{p}$ $(1 \leqq P<\infty)$ distribution $k$
$L^{p}$ $W_{p}^{k}(\Omega)$ ,
, $W_{p}^{k}(\Omega)$ algebra
, $1<p<\infty$ $k>n/P$ , $p=1$ $k\geqq n$
, $1<p<\infty$ $k\leqq n/P$ algebra $\mathrm{A}\mathrm{a}$ . ( ,
Adams [1; Chapt. V] .) .. . $\cdot$ . $\cdot$.$\cdot$ ..
Sobolev $W_{p}^{k}(\Omega)$ $1<p<\infty$ critical $k=n/P$
algebra , $0<p\leqq 1$ , $L^{p}$
Hardy $H^{p}$ Sobolev ,
$k=n/p$ algebra
(Dhalberg [11], J. Marschall [16], Strichartz [23],
[21] ) . .
, , $1<p<\infty$ $k=n/P$ , $L^{p}$
Lorentz $L^{(p,r)}(0<r\leqq 1)$ algebra
, Hardy-Lorentz $0<p\leqq 1$
, . .(maximal $\mathrm{f}\mathrm{u}\mathrm{n}\mathrm{c}\mathrm{t}_{\iota}\mathrm{i}_{\circ \mathrm{n}}$ ) ,
$k$ Sobolev –
, .
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Lorentz . ’
$\mathrm{R}^{n}$ ( $=\mathrm{L}\mathrm{e}\mathrm{b}\mathrm{e}\mathrm{S}\mathrm{g}\mathrm{u}\mathrm{e}$ ) $E\subset$ Lebesgue $|E|$
. $\mathrm{R}^{n}$ $f$ , $f$ $\lambda_{f}$
$\lambda_{f}(\mathit{8})=|\{X\in \mathrm{R}^{n}||f(X)|>s\}|$ $(0<S<\infty)$
. $\mathrm{R}$ $(0, \infty)$ ( $\infty$ )
$f^{*}$ , $0<s<\infty$ .
$|\{t\in(0, \infty)|f^{*}(t)>S\}|=\lambda_{f}(s)$






. , $\sigma=\infty$ , ,
$\mathrm{S}\mathrm{u}^{\mathrm{p}\{tf^{*}}1/p(t)|0<t<\infty\}$ $\mathrm{s}\mathrm{u}\mathrm{p}\{\lambda_{f}(g)^{1/}p_{g}|0<s<\infty\}$
.
Lorentz $L^{(p,\sigma)}$ $||f||_{L^{(\mathrm{p}}},\sigma$ ) $<\infty$ $f$ .
Lorentz .
(a) $L^{(p,p)}=L^{p},$ $||f||_{L^{(}\mathrm{p},P)}=||f||_{L^{p}}$ .
(b) $p\neq\sigma$ , “ $||f||_{L^{(})}p, \sigma<\infty\Leftrightarrow\int_{\mathbb{R}^{n}}\Phi(|f(X)|)dX<\infty$ ”
$\Phi$ . (a)
$L^{(p,\sigma)}$ Orlicz .
(C) $x\vdash\Rightarrow ax(a>0)$ $||f||_{L^{(.)}}\mathrm{p},\sigma$ $L^{p}$
, ,
$||f(a\cdot)||L(p,\sigma)=$ $a^{-n/p}||f||_{L(\sigma}p,)$ .
(d) $p>q$ $L^{(p,\sigma)}\subset L_{1\circ \mathrm{C}}^{q}$ .
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. .
$\alpha$ , $\alpha$ $(\alpha)$ ,
$(\alpha)$ $(\alpha)<\alpha\leqq(\alpha)$ . $Q= \{(x_{i})\in \mathrm{R}^{n}|\max|x_{i}-a_{i}|\leqq$
$t\}$ $\mathrm{R}^{n}$ .
$f$ $\mathrm{R}^{n}$ . $Q$ $k$ $0<r\leqq\infty$
$v_{r}^{k}(f, Q)= \inf${ $|Q|^{-1}/r||f-P||_{L^{r}(Q)}|$ $P$ $\mathrm{R}^{n}$ $\leqq k$ }
( $||\cdot||_{L^{r}(Q)}$ LebeSgue $Q$ $L^{r}$ ) , $f$
$f_{\alpha r}^{\mathrm{b}},(0<\alpha<\infty, 0<r\leqq\infty)$
$f_{\alpha,r}^{\mathrm{b}}(x)= \sup${ $|Q|-\alpha/n(\alpha)v_{\mathrm{r}}(f,$ $Q)|Q$ : , $Q\ni x$} $(x\in \mathrm{R}^{n})$
.
Lipschitz
, (Campanato [3], [4], N. G. $\mathrm{M}\mathrm{e}^{\mathrm{y}}\mathrm{e}\mathrm{r}\mathrm{s}[17]$ ) :
1. $0<\alpha<\infty$ $0<r\leqq\infty$ , $\mathrm{R}^{n}$ $f$















(e) $r$ (1) $|f|_{C_{p}^{\alpha_{\sigma}}}$,
( $\mathrm{D}\mathrm{e}\mathrm{v}\mathrm{o}\mathrm{r}\mathrm{e}^{- \mathrm{S}\mathrm{h}}.\mathrm{a}\mathrm{r}\mathrm{p}\mathrm{l}\mathrm{e}^{\mathrm{y}}[10$ ; Theorem 4.3] ).
(f) $|f|c_{p,\sigma}^{\alpha}=0\Leftrightarrow f$ $\leqq(\alpha)$ .








$\varphi$ $\int\varphi(x)dX\neq 0$ –
, $\varphi_{t}(x)=t^{-n_{\varphi}}(t^{-}1x)(t>0)$ . $\mathrm{R}^{n}$ distribution $f$ [
, $f^{+}$ .
$f^{+}(.x)=\mathrm{S}\mathrm{u}\mathrm{p}\{|(f*\varphi_{t})(x)||0<t<\infty\}$ $(X\in \mathrm{R}^{n})$
. $0<p<\infty,$ $0<\sigma\leqq\infty$ ,
$||f||_{H^{(})}p,\sigma=||f^{+}||_{L^{(})}p,\sigma$
, distribution $f$ $H^{(p,\sigma)}$ .
(h) $||f||_{H^{(})}p,\sigma$ $\varphi$ , $H^{(p,\sigma)}$
$\varphi$ . Hardy (
$(\mathrm{i}))$ . .





2. $0<p<\infty,$ $0<\sigma\leqq\infty$ $k$ $k+n>n/p$
, 2 (7) ( ) ; , $f$
2 \vdash , $f$ $\mathrm{R}^{n}$
- : . .
.
(7) $f$ $\mathrm{R}^{n}$ $|f|_{C_{p,\sigma}^{k}}<\infty$ ;
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, $p=\sigma>1$ A. P. Calder\’on [ $2,$ Theorem 4
Lemma 7] (Christ [6; Lemma 22], DeVore–Sharpley [10; Theorem 62]
), $p=\sigma\leqq 1$ Dura\’an [12], [20] . $p\neq\sigma$
.
, $0<\alpha<\infty,$ $0<\sigma\leqq 1,$ $\alpha=n/p$ $|f|_{C_{p}^{\alpha_{\sigma}}}$
,
algebra , , $(\alpha)$
mod ( $(\mathrm{f})$ )
. . $\cdot$ . .
$\mathrm{R}^{n}$ $f$ $|X|arrow\infty$ $f(X)arrow 0$ $f$ $C_{0}$
. $C_{0}$ – $C_{0}$
.
3. $0<\alpha<\infty_{f}0<\sigma\leqq 1$ , $\mathrm{R}^{n}$ $f$ $|f|c_{n}^{\alpha}/\alpha,\sigma<$




, $0<\alpha<\infty,$ $0<\sigma\leqq 1$ , $C_{n/\alpha\sigma}^{\alpha}$,
:
$C_{n/\alpha,\sigma}^{\alpha}=\{f\in C0||f|_{C_{n/\alpha\sigma}}\alpha,<\infty\}$ .
3 , $C_{n/\alpha,\sigma}^{\alpha}$ , $|f|c_{n}^{\alpha}/\alpha,\sigma<\infty$ $\mathrm{R}^{n}$ $f$
, $\pi_{f}=0$ . $\pi_{f}=0$
, $\mathrm{R}^{n}$ $f$ $C_{n/\alpha,\sigma}^{\alpha}$ ,





mod $0\text{ ^{ } },$
.
, $f\in C_{n/\alpha,\sigma}^{\alpha}$ $|f|c_{n}^{\alpha}/\alpha,\sigma=0$
$f=0$ .
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.1. $0<\alpha<\infty$ $0<\sigma\leqq 1$ , $C_{n/\alpha,\sigma}^{\alpha}$
algebra , , $\alpha,$ $\sigma$ $n$







4 $\cdot 0<\alpha<\infty$ $0<\sigma\leqq 1$ .
(I) $\{\varphi_{j}\}$ Lip $\alpha$ , $\{Q_{j}\}$ $\mathrm{R}^{n}$ , $\{\lambda_{j}\}$
,
(2) $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varphi_{j}\subset Q_{j}$ , $|\varphi_{j}|_{\mathrm{L}\mathrm{i}_{\mathrm{P}}\alpha}\leqq\lambda_{j}$ ,
$\sum_{j}\lambda_{jx_{Q_{j}}}\in L^{(n/\alpha,\sigma)}$








(II) , $f$ $\mathrm{R}^{n}$ $|f|c_{n/\alpha,\sigma}^{\alpha}<\infty$ , (2)
$\{\varphi_{j}\}_{f}\{Q_{j}\}_{f}\{\lambda_{j}\}$ ,











( $[21]$ ) .
$H^{p}$
$H^{p}$ , $\mathrm{R}^{n}$ Hardy .






$G(\lambda)=\{m\in C^{\infty}(\mathrm{R}^{n}\backslash \{\mathrm{o}\})||\partial^{\alpha}m(\xi)|\leqq c_{\alpha}|\xi|^{-\lambda-}|\alpha| (\forall\alpha)\}$
.
Schwartz $S$ $f$ Fourier $f.(\xi)\wedge$ $\xi=0$
$0$ $f$ $S_{0}$ .
$m\in G(\lambda)(0\leqq\lambda<\infty)$ , $T_{m}$
$T_{m}$ : $S_{0}\ni f-(mf)^{\vee}\wedge\in S_{0}$
( $\vee$ Fourier ). $m\in G(\lambda)$ $T_{m}$
$\mathcal{K}(\lambda)$ .
$A$ , $k$ 2 , $\sigma\in A$ $j=1,2,$ $\cdots,$ $k$
, $0\leqq\lambda_{j}^{\sigma}<\infty$ $T_{j}^{\sigma}\in \mathcal{K}(\lambda_{j}\sigma)$ .





:(3) $\sum_{j=1}^{k}\lambda_{j}\sigma=\lambda$ $\sigma$ .
$p_{1},$ $\cdots,$ $Pk$ $q$ ( ,
(4) $. \infty>\frac{1}{p_{j}}>\frac{\lambda_{j}^{\sigma}}{n}$ $(\forall\sigma\in A, \forall j)$ ,
(5) $\sum_{j=1}^{k}(\frac{1}{p_{j}}-\frac{\lambda_{j}^{\sigma}}{n})=\sum_{j=1}^{k}\frac{1}{p_{j}}-\frac{\lambda}{n}=\frac{1}{q}$
.




. $1/q_{j}^{\sigma}=1/pj-\lambda\sigma/jn$ , $T_{j}^{\sigma}$ $H^{p_{j}}arrow H^{q_{j}^{\sigma}}$
, H\"older ,




. , $q\leqq 1$ ,
, $L^{q}$ $H^{q}$
.
, $f\in S$ $m$ ,
$\int_{\mathbb{R}^{n}}f(X)xd\nu x=0$ for $|l\text{ }|\leqq m$
, $f$ $m$ .
$0<q\leqq 1$ , $S\subset H^{q}$ , $f\in S$ $H^{q}$
$f$ $[n/q-n]$ .
, (6) $L^{q}$ $H^{q}$ , $\Lambda^{k}(f1, \cdots, f_{k})$
$[n/q-n]$ .
, , (6) $L^{q}$ $H^{q}$ \iota
.
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2. $k=2$ , $\Lambda^{2}$ . $\lambda_{j}^{\sigma,}p_{j}(j=1,2)$
$q\leqq 1$ (3), (4), (5) , $f_{1},$ $f_{2}\in S_{0}$




$k\geqq 3$ – ,
. , $T_{m}\in \mathcal{K}(\lambda),$ $0\leqq\lambda<\infty$ , , $T_{m}$
, multiplier $m$ , ,
$m(t\xi)=t^{-\lambda}m(\xi)$ $(\forall t>0, \forall\xi\in \mathrm{R}^{n}\backslash \{0\})$
.
3. $k\geqq 3$ , $\Lambda^{k}$ . $\lambda_{j}^{\sigma},$ $p_{j}(j=$
$1,$ $\cdots,$ $k)$ $q\leqq 1$ (3), (4), (5) , $f_{1},$ $\cdots,$ $f_{k}\in$
$S_{0}$ $\Lambda^{k}(,f_{1}, \cdots, f_{k})$ $[n/q-n]$
. , $\Lambda^{k}$ $T_{j}^{\sigma}$ .
, $f_{1},$ $\cdots,$ $f_{k}\in S_{\mathit{0}}$
$||\Lambda^{k_{(}}f_{1},$ $\cdots$ , $f_{k})$ $||_{H^{q}}\leqq C||f_{1}||_{H^{p}}1\ldots||f_{k^{||_{H^{p}}}}k$
.
$n=1$ , $\mathrm{R}$ Hilbert $\tilde{f}$ ,
A2 $(f, g)=f\tilde{g}+\tilde{f}g$ ,
A2 $(f, g)=fg-\tilde{f}\tilde{g}$
, $f,$ $g\in s_{0}$ , 2
. 2 $\Lambda^{2}$ ,
$H^{p}=Hp(\mathrm{R})$ – Hardy
, - 2
. , . , $\mathrm{C}\mathrm{o}\mathrm{i}\mathrm{f}\mathrm{m}\mathrm{a}\mathrm{n}-\mathrm{R}\mathrm{o}\mathrm{C}\mathrm{h}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{g}-\mathrm{w}\mathrm{e}\mathrm{i}\mathrm{s}\mathrm{S}[9]$
, 2 $\lambda_{j}^{\sigma}--0$ $q=1$ $\Lambda^{2}$
, , [24], [25], Chanillo [5], [14], [15],
$[18],$ $[19]$ , Coifman-Grafakos[7], Grafakos $[13]$ –
. 2 $\lambda_{j}^{\sigma}$ 3 , ,
.
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